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Abstract

We addressthe problemof sgmentinga sequencefim-
agesof natural scenesnto disjointregionsthatare charac-
terizedby constantspatio-tempaal statistics.We modelthe
spatio-tempaal dynamicdn ead region by Gauss-Markv
models, and infer the model parametes as well as the
boundaryoftheregionsin a variationaloptimizationframe-
work. Numericalresultsdemonstate that— in contrastto
purely texture-basedsementatiorschemes- our methods
effectivein sggmentingregionsthat differ in their dynamics
evenwhenspatial statisticsare identical.

1. Intr oduction

Considetthefollowing problem,in relationto Fig. 1: An
autonomougehiclemustdecidewhatis traversableterrain
(e.g. grass)andwhat is not (e.g. water). This problem
canbe addressetby classifyingportionsof theimageinto
a numberof categories,for instancegrass,dirt, bushesor
water For the mostpart, sucha classi cation canbe ac-
complishedsuccessfullyby looking at simpleimagestatis-
tics, suchascolor or intensity However, in mary situations
thesearenot sufcient, andthereforeit may be bene cial
to look at spatio-tempaal statisticsandattemptto classify
different portions of the scenebasednot on the statistics
of onesingleimage,but on how the statisticsof animage
changeovertime duringa sequenceModelingthe (global)
spatio-temporastatisticsof theentireimagecanbeadaunt-
ing taskdueto the compleity of naturalscenes An alter
native consistsof choosinga simple classof models,and
simultaneouslyestimatingregionsandtheir modelparame-
tersin sucha way thatthe datain eachregion is optimally
modeledby the estimategarametersThis naturallyresults
in asgmentatiorproblem.

In this paperwe studythe problemof segmentinga se-
quenceof imagesbasedon a simple model of its spatio-
temporalstatistics.

Before we proceedwith formalizing the problem, we

Figure 1. A typical outdoor scene:anautonomous
vehicletrying to classifythe terrainbasedon spatial
imagestatisticsfails to distinguishwaterfrom grass,
sincethe latter re ects on the former and therefore
their spatial statisticsare very similar (courtesyof
GooglelmageSearch).

would like to point out that segmentation,in this context,
is entirely dependenbn the classof modelschosen. Dif-
ferentmodelsresultin differentpartitionsof the sceneand
thereis no“right” or “wrong” result. Ultimately, theuseful-
nessof a statisticalsggmentationmethoddependson how
well the chosermodel captureghe phenomenologyf the
physicalsceneput unlessonehasa physicalmodelto start
with, this correspondenceannotbe guaranteedT herefore,
in Sect.1.1we describehe modelwe use whichimplicitly
de nes what we meanby “segmentation”. It is a Gauss-
Markov modelof theintensityof the pixelswhichis knovn
asadynamictexture.

Anotherissuethatwe would lik e to raiseat the outsetis
that what we modelis not a point process but rathersta-
tistical distributionsbothin spaceandin time. Therefore,
therewill bea“minimum region of integration”in orderto



capturesuchstatistics,similarly to whatis donein texture
segmentation.To sggmentthe imageplaneinto regions of
homogeneoudynamictextures,werevertto aregion-based
segmentationapproachpioneeredby Mumford and Shah
[13]. The Mumford-Shahfunctionalhasbeenextendedto
the segmentationof color, spatialtexture [26] and motion
[4]. Thiswork generalizesheseapproacheto thesegmen-
tationof spatio-temporalextures.

1.1.Formalization of the problem

Let- % R2? bethedomainof animageandf - jgi=1 .:n
be a partition of - into N (unknown) regions.. We as-
sumethatthepixelscontainedn theregion- ; area Gauss-
Markov proces$. In otherwords, there exist (unknavn)
parametersh; 2 R"6":C; 2 RM™£" covariancematri-
cesQ; 2 R R; 2 R™MEMi  white, zero-mearGaus-
sianprocesse$v(t)g2 R"; fw;(t)g 2 R™ andaprocess
fx(t)g 2 R" suchthatthe pixelsat eachregion - ; ateach
instantof time aregivenby

P Qi) x(to) = xi.0
Riw; (t)

X(t+ 1) = Aix(t) + B
yi(t) = Cix(t) +

wherey(t) 2 R™ representshe vector of intensitiesat
timet of the pixelsbelongingto - ;. Notethatwe allow the
numberof pixelsm; to bedifferentin eachregion, aslong
as ;-; m; = m, thesizeof theentireimage,andthatwe
requirethat neitherthe regions nor the parameterghange
overtime,- i;Ai; Ci; Qi; Ri; Xj.0 = const

Given this generatie model, one way to formalize the
problem of seggmentinga sequenceof imagesis the fol-
Iowing' Givena sequencef imagesfy(t) 2 R”‘; t =
1;:::;Tg with two or more distinct regions - j; i =
, 2 that satisfy the model (1), estlmateboth
the regions- ;, and the modelparametes of eac region,
namelythe matricesA;; C;, theinitial statex; o, andthe
covarianceof thedriving procesQ; (thecovarianceR; is
nota parameterof interestsinceit doesnothavesigni cant
discriminativepower).

1.2.Relation to prior work

The modelfor the spatio-temporasktatisticsof one re-
gion, that we proposedin the previous section,was rst
usedn [5]. Similarstatisticaimodelswerealsousedby oth-
ers[21, 6, 24, 9]. For synthesi®f spatio-temporaiextures,
statisticalgeneratre modelscanbe replacedoy procedural
techniguesuchas[19, 25].

The analyticaltools we useto infer the model param-
etersare borraved from the literature of subspaceystem

Thatis,- = [N, -jand-i\ - =;;i6].

2Although this may seema restrictve assumptionijt hasbeenshavn
in [20, 6] thatsequencesuchasfoliage, water smole, andsteamarewell
capturedoy this model.

identi cation [15], and the discrepang measurebetween
differentmodelsis inspiredby [3]. Sincetexturescanbe
consideredas a degeneratecaseof dynamictextures,our
work alsorelatesto texture segmentation.For somerecent
work ontexturesegmentatiorsee[11, 8, 17] andreferences
therein.

We castthe problemof region segmentationin a vari-
ationalframeawork following [13]. In particular we revert
to a level setframavork of the Mumford-Shahfunctional
introducedn [2]. Thealgorithmwe proposeallows to par
tition the imagedomainof a video sequencento regions
with constantspatio-temporastatistics. To the bestof our
knowledge,work in this areais new.

In the next section,we review existing work on how one
caninfer the parameter®f a dynamictexture (1) for each
region,assumingheregionis known. In thefollowing Sec-
tion 3.1weaddresshedualproblemof inferringtheregions
if themodelsto which eachpixel belongsareknown. Since
neitheris known, we addresghis chicken-and-gg problem
in Sect.3.

2. Dynamic texture learning and comparison

If theregions- ;; i = 1;:::; N wereknown, onewould
just be left with two problems. oneis the learningof the
modelparametersyhichwereview in Sect.2.1,theotheris
thecomputatiorof adiscrepang measurdetweerdifferent
dynamictextures,whichwe discussn Sect.2.2.

2.1.Learning

It is well known [10] thata positive-de nite covariance
sequenceavith rationalspectrumcorrespondso an equiva-
lenceclassof second-ordestationaryprocesseslt is then
possibleto chooseasarepresentate of eachclassa Gauss-
Markov modelwith the given covariance. In otherwords,
for a given region - j, we can assumethat there exist a
positive integer n, a processf x(t)g with realizationsin
R" (the“state”) with initial conditionx(tp), somematrices
A; andC;, anda symmetricpositive semi-de nite matrix

S_T' s'i .0, whereS; = E[w(t)vT ()], suchthat

1
fy(t)g is the outputof model (1). Sincewe assumethat
thenoiseaffectingthe statev(t) andthe noiseaffectingthe
outputw(t) areindependentywe have thatS; = 0.

The choiceof matricesA;, Ci, Qi, R; is not unique,in
thesensehattherearein nitely mary modelsthatgiverise
to exactlythesamemeasuremertdovariancesequencstart-
ing from suitableinitial conditions. In otherwords, ary
given processhasnot a uniqguemodel, but an equivalence
classof models. In orderto identify a unique model of

3SubstitutingA; with TA; Ti 1, C; withC;Ti 1, Q; with TQ; Ti 1,
andchoosingtheinitial conditionT x(tp), whereT 2 GL (n) is ary in-
vertiblen £ n matrix generateshe sameoutputcovariancesequence.



the type (1) from a samplepathy(t), we choosea repre-
sentatve of eachequivalenceclassassuggestedh [5], i.e.

we will malke the following assumptionsm; >> n, and
rank(Ci) = n, andchoosea modelrealizationthat makes
the columnsof C; orthonormal,i.e. CiT Ci = I,. This

guaranteeghatthe modelcorrespondindo a givendataset
is uniquelydeterminedThis modelcorrespond#o acanon-
ical realization[7].

Theproblemof goingfrom datato modelscanbeformu-
lated asfollows: givenmeasurementsf a samplepath of

acanonicamodelrealizationof theprocess y(t)g. Ideally,
we would wantthe maximumlik elihood solutionfrom the
nite samplethatis

ARG Qi Rio _ ¢(2)

AiiCi
Qixi o

Noticethat,aswe saidin Sectionl.1, we do notmodelthe
covarianceof the measurememoiseR;, sincethatcarries
no information on the underlyingprocess. The asymptot-
ically efcient solutionfor the estimationproblem(2), as
T ! 1 ,canbefoundin [23], while accuratedescription
of its implementationnamedN4SID, canbefoundin [15].

In practice,for computationakf ciency, we settlefor the
suboptimakolutiondescribedn [5].

2.2.Discrepancybetweendynamic textures

Assumingthatthe parameterd\;, Ci, Qi, Xi: o havebeen
inferredfor eachregion, in orderto setthe stagefor a sey-
mentationprocedurepnehasto de ne a discrepang mea-
sureamongregions. Thedif culty in doingsois thateach
region is describednot only by the parametersabove, but
by an equvalenceclassof suchparameterspbtainedby
changesof basisof the state-spacéd x(t)g in model (1).
Therefore,a suitablediscrepang measurehasto compare
notthe parameterslirectly, but their equivalenceclasses.

Onetechniquefor doing so hasbeenrecentlyproposed
in [3]. It consistof building in nite obsenrability matrices,
whosecolumnsspanthevectorspacegeneratethy themea-
surementy(t) of themodel(1), andthatrepresenthehigh-
dimensionalsubspacef the in nite-dimensional spaceof
all possiblemeasurementd.henonecancomputethe geo-
metricanglesbetweersuchsubspacethroughtheirembed-
ding.

More formally, let A 2 R™£P andB 2 R™£9 petwo
matriceswith full columnrapk, agd supposethatp , g
The g principal anglesy 2 0;%‘ betweenrangef\) and

rangeB) arerecursvely de nedfork = 1;2;:::qas

max XTATBY_ 3
x2RP kAxk_ kByk
y2Ra 27
x]ATBy;
kAx 1k _kByik '
- XTATBy
x2RP KAXk_ KkByk
y2RA 27
X[ ATByx
|(AX|(|(2 kBykk2,
subjectto x] ATAx = OandyB"By = 0;
fori=1;2;:::;kj 1:

CoSsiy

COS

Now, letM ; andM , betwo modelsof thetype(1), with the
sameoutputdimensionalitywhicharecharacterizeth state
spaceermshby their systemmatricesA; andA, andoutput
matrix C; andC, respectrely. Theirin nite obsenrability
matricesO;, fori = 1;2, arede ned as

. £
0= C' or

2 RlE n;

4)
andthe principalanglesbetweerntherangesof 01, andO,
arereferredto assubspacengles Their computationcan
becarriedoutin closedform, andentailsthe computatiorof
the eigervaluesof the solutionof a discrete-timd_yapunw
equation3].

While more than one distancefor single-inputsingle-
output(SISO)linear dynamicalsystemshave beende ned
basedon subspaceangles[3, 12], the extensionto the
multiple-input multiple-output(MIMQ) caseis not trivial
given the lack of the conceptof the inverseof a MIMO
system.However, it hasbeenshawn in [18] that subspace
anglesbetweenin nite obsenrability matriceshave very
high discriminatve power underthe hypothesisof stabil-
ity andobsenrability of the comparedsystemsWith thisin
mind, we measure¢hediscrepang betweerdifferentspatio-
temporalstatisticsassociatedo differentmodelsby com-
paringeitherthesetof subspacanglesor theircombination
via Martin's distancq3] de ned as

Alcl (ADHch

1

e
2 . — .
dM (Ml!MZ)_ In C0§pk

k=1

®)

3. Dynamic texture segmentation

In Sect.2.1we have seenthat,if the boundarieof each
region were known, one could easily estimatea simple
model of the spatio-temporastatisticswithin eachregion.
Unfortunatelyin generabnedoesnotknow theboundaries,



which areinsteadpart of the inferenceprocess.If the dy-
namictexture associatedvith eachpixel wereknown, then
one could easily determinethe regions by thresholdingor
by othergroupingor sgmentationtechniquesHowever, a
dynamictextureassociatedvith acertainpixel », asde ned
in equation(1), dependonthewholeregion - ; containing
thepixel ». Thereforewe have a classic‘chicken-and-gg”
problem: If we knew the regions,we could easilyidentify
thedynamicalmodelsandif we knew the dynamicalmod-
elswe could easilyseggmenttheregions. Unfortunately we
know neither

Onemay be temptedto addresghis problemby setting
up an alternatingminimization procedure startingwith an
initial guessof the regions, ©';(0), estimatingthe model
parametersvithin eachregion, A;(0); €; (0); Qi (0)); %i.0.
andthenatary giventimet seekingfor regions~'; (t), and
parameters; (t); € (t); Qi (t)); R;. o that minimize a cho-
sencostfunctional. Unfortunately this approactwould not
leadto awell-posedproblem,sinceonecanalwaysexplain
theimagewith afew high-ordermodelswith large support
regions (the entireimagein the limit), or with mary low-
ordermodelswith small supportregions (individual pixels
in thelimit). Therefore,a modelcompleity costneedsto
be added for instancethe descriptionlength of the model
parametergl16] andthe boundariesof eachregion. This
signi cantly complicateghe algorithmsandthe derivation.

Ratherthanseekingor anestimateof theregionsandthe
modelparameterén oneshot,we caninsteadadopta two-
stagealgorithmto circumventthe model-complgity issue:
We rst associatea local signatue to eachpixel, by inte-
gratingvisual informationon a x ed spatialneighborhood
of thatpixel; thenwe grouptogetherpixelswith similar sig-
naturesin aregion-basedsegmentatiorapproach.The sig-
naturesare computedfrom the subspacenglesrelative to
areferencanmodel,following the ideasoutlinedin previous
sectionsWe describehis simpleandyeteffective approach
in thefollowing subsections.

3.1.A geometricapproach

We startby consideringthe neighborhood® (») % -
aroundeachpixel » 2 - . We thenassociatdo eachpixel
location » the dynamicsof the spatio-temporategion by
computingO(») from A(»); C(») = N4SIDfy(5t) j 52

spatio-temporasignatue given by the cosinesof the sub-
spaceangles | (»)g betweerO(») andareferencenodel,
O(m): i ¢

S(») = cospu(»);:::;cosp () : (6)

We call this approacHgeometric” sincethe signaturesare
constructedisingsubspacanglesratherthanresponsesf
banksof Iter asis morecommonin statictexture segmen-
tation.

With the above representatiorthe problemof dynamic
texture sggmentatiorcanbe formulatedasoneof grouping
regionsof similar spatio-temporasignatures.We propose
to performthis groupingby revertingto the Mumford-Shah
functional[13]. A segmentationof theimageplane- into
a setof pairwisedisjoint regions- ; of constantsignature
s; 2 R" is obtainedoy minimizing the costfunctional

VA
[ ¢, .
E(i;fsig) = s i s “d»+ °%jij; (1)
.

simultaneouslywith respecto the region descriptord s;g
modelingthe averagesignatureof eachregion, andwith re-
spectto theboundary; separatingheseregions(anappro-
priaterepresentationf whichwill beintroducedn thenext
section). The rst termin the functional (7) aimsat max-
imizing the homogeneitywith respectto the signaturesn
eachregion - j, whereaghe secondermaimsat minimiz-

ing thelengthj; j of the separatindpoundary

3.2.A level setformulation

In thefollowing, we will restrictthe classof possibleso-
lutionsof theproposedrariationalproblemto two-phaseso-
lutions, i.e. solutionsin which eachpixel is associateavith
oneof two dynamictexturemodels.All resultsdo, however,
extendto the caseof multiple phasesFor theimplementa-
tion of theboundary; in thefunctional(7) we revertto the
implicit level setbasedrepresentatioproposedby Chan,
Sandbey andVese[2, 22].

Comparedo explicit contourrepresentationghe level
setbasedrepresentationfl4] have several favorableprop-
erties.Firstly, they donotrestrictthetopologyof theevolv-
ing boundarytherebyfacilitatingsplittingandmerging dur-
ing the evolution. And secondlyonedoesnot needto take
careof aregriddingof controlor marker points.

Let the boundary; in (7) be givenby the zerolevel set
of afunctionA:- | R:

i =f»2- jA(») = 0g: ®)
With theHeavisidefunction
L .
i 1 ifA, 0 .
HA= o ifA<o0 ©)

the functional (7) can be replacedby a functional on the
level setfunction A:

z ,
E(Afsg =  'si s 2H(A) d»
Z . .
+ 's() | sz¢2'1; H(A)¢d»
+ i (10)



Figure 2. Example of a composition of dynamic
textures: re onocearwaves. Thetime evolution of
the sequencés renderedby overlappinga few snap-
shotscorrespondingo differentimageframes.

3.3.Energy minimization
We minimize the functional (10) by alternatingthe two
fractionalstepsof:

2 Estimatingthe meansignatures.

For x ed A, minimizationwith respectto the region
signhaturess; ands, amountsto averagingthe signa-

turesover eachphase:
R i R .
o= BHAG s HE) b
H (A) d» (1i H(A) d»

2 Boundaryevolution.

For x edregionsignature$ s; g, minimizationwith re-
spectto theembeddindgunctionA canbeimplemented
by a gradientdescentjivenby:
. . 9
@h M

@ - A J:—Aj £ 6?0 i s)?

4. Experiments

The following experimentsdemonstrateariousaspects
of dynamictexture segmentation. In all caseswe usese-
quencef naturalphenomendik e oceanwaves,smole or

re. Figure2 shovsafew snapshotérom asequencef re
combinedwith theoceanwaves.

In Sectiord.1weshav experimentonasequencahere
two regionshave bothdifferenttextureanddifferentdynam-
ics. In Sectiond.2 we insteadkeepthe dynamicsidentical,
but we changethe texture. On the contrary in Section4.3
we keepthetextureidentical,but we changethe dynamics.
As alastexperiment,we testour algorithmon a very chal-
lengingsequencewe superimpos@ ame onoceanvaves.
In this case,the region occupiedby the ame is changing
in time, as opposedto our assumptiongseeSection1.1)
of staticregions. The contourevolutionsarealsoavailable
on-line[1].

4.1.Smoke on the water: : :

In this experimentwe generatea syntheticsequencédy
superimposingwo sequencesonewith oceanwaves,and
onewith smole. We selecta discin the middle of theim-
agesandoverlapthe sequencef smole over the sequence
of the wavesonly on this disc. All the sequencearecom-
posedof 120framesandeachframeis of 220£ 220pixels.
In this casebothtextureanddynamicsarevery different,re-
sultingin avery strongdiscriminationbetweertheregions.
We identify the local dynamicalsystemsat eachpixel by
consideringneighborhoodef 11 £ 11 pixels. The stateof
eachlocal systemis of dimension10. Then,we compute
thesubspacangleshetweertheseocal dynamicalsystems
andareferencelynamicalsystem.Finally, we sgmentthe
signaturesvith theMumford-Shahminimizationschemeas
explainedin Sections3.1-3.3. In Figure 3 we shav a few
shapshotsf the contourevolution, startingfrom acircle.

4.2.Segmentationby spatial orientation

We generate syntheticsequencéy superimposingwo
identicalsequencesf oceanwaves,oneof which hasbeen
rotatedof 90 degrees.We selecta discanda squareat the
oppositecornersof theimagesandoverlapthe sequencef
rotatedwavesonthebasicsequencenly within thediscand
the square.All the sequencearecomposedf 120frames
andeachframeis of 221£ 321pixels.

Thetexture on the discandthe squareregionsis similar
to the texture in the backgroundregion in both gray-scale
valuesanddynamics.However, it canbe distinguishedn
thebasisof the differentorientation.As in the previous ex-
perimentwe identify the local dynamicalsystemsat each
pixel by consideringneighborhoodsef 11£ 11 pixels. The
stateof eachlocal systemis again of dimensionl10. Fig-
ure4 shavs afew snapshotsf the contourevolution, start-
ing from acircle.

4.3.Segmentationby temporal properties

This experimentis complementaryo the previous one.
To generatea sequenceontainingregionswhich only dif-
fer with respecto their dynamicswe overlaptheocearse-
guencein theregionscorrespondingo the discandsquare
over anoceansequencslowveddown by afactorof 2.

The evolution of the contourduring the costfunctional
minimizationis shovn in Figure 5, startingfrom a circle.
We foundthis experimentto be oneof themostcompelling
ones,becausehe sgmentationis obtainedexclusively on
the basisof temporalpropertiesof the dynamictexture —
thisis oneof the noveltiesof our approach.

4.4.:::and r ein the sky

The following experimentis a very challengingone,
sincewe useaninputsequenc#heretheregionsassociated



Figure 3. Smoke on the water: in this rst experimentthe two dynamictextures(the smole andthe ocearnwaves)
arevery differentbothin the dynamicsandin theappearance.

Figure 4. Segmentationby changingtexture: in this experimentwe segmenttwo dynamictexturesthatdiffer only
for thetexture orientation,but thatsharethe samedynamicsandgenerabppearancérayscalevalues).

Figure 5. Segmentationby changing dynamics: in this experimentwe segmenttwo dynamictexturesthat are
identicalin appearanceyut differ in the dynamics. Note that this particularsegmentationproblemis quite dif cult,
evenfor humanobsenrers. Segmentatioris obtainedexclusively on the basisof thetemporalpropertieof the dynamic
texture. This demonstrateeneof the noveltiesof our approach.

Figure 6. Firein the sky: this sgmentatiorproblemis very challenging,since— contraryto our modelassumption
— the regions wherethe dynamictexturesare de ned (in particular the ame texture), are changingin time. The
sgmentatiorreturnsanestimateof the averagdocationof the ame, shaving thatour approachs robustto deviations
from the assumptiorof spatialstationarity



with differentdynamictexturesarealsomovingin time. We
generata syntheticsequencéy superimposing sequence
with re toasequenceavith ocearwaves.The ame is con-
tinuouslychangingpositionin time, therebymixing in some
regionsboththe re dynamictextureandtheoceardynamic
texture.

In Figure6 we shav afew snapshotsf the contourevo-
lution, startingfrom a circle. Noticethatthe nal contour
is the contourof an “average”region obtainedby combin-
ing the differentregionsin time. Therefore,our approach
shavs robustnesalsoto changesn theoriginal hypotheses
thatdynamictextureswerespatiallystationary

5. Conclusions

We have presented techniqueto segmentanimagese-
quenceinto regions basedon their spatio-temporaktatis-
tics. Theassumptions thattheregionsareconstantn time
or changeslowly relative to the dynamicsof theirradiance
within eachregion, which in turn is modeledasa second-
orderstationaryprocesswith constantMarkov parameters.
Ourapproachdravsfromtheliteratureonregion-basedey-
mentationaswell asthaton systemidenti cation; however,
it is notastraightforvardconcatenatioof thetwo sincethat
wouldresultin eitherhaving to comparestatespacanodels
of differentdimensionspr in un-necessarplurring of the
region boundaries.

As we illustratein the experimentspur techniques ef-
fective in segmentingregions that differ in their dynamic
behaior even when their spatial statisticsare identical,
andit canbe usefulin outdoorautonomousavigationand
recognitionof dynamicvisual processes.
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