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Abstract

We cast the problem of multiframe stereo reconstruc-
tion of a smoothshapeas the global region sggmentation
of a collection of images of the scene Dually, the prob-
lem of segmentingmultiple calibratedimages of an object
becomeghat of estimatingthe solid shapethat givesrise
to sud images. We assumethat the radiancehas smooth
statistics. This assumptiorcovers Lambertiansceneswith
smoothor constantalbedo as well as ne homaeneous
textures, which are knownchallengesto stereo algorithms
basedon local correspondenceWe posethe segmentation
problemwithin a variational framevork, and usefastlevel
set methodsto approximatethe optimal solution numeri-
cally. Our algorithmdoesnotworkin thepresencef strong
textures,whete traditional reconstructioralgorithmsdo. It
enjoyssigni cant robustnesso noiseundertheassumptions
it is designedor.

1 Intr oduction

Inferring spatialpropertiesof a scenefrom oneor more
imagesis a centralproblemin ComputerVision. When
more than one image of the same sceneis available,
the problemis traditionally approachedy rst matching
points or small regions acrossdifferentimages(local cor-
respondencegndthencombiningthe matchesnto a three-
dimensionaimodet. Local correspondencéiowever, suf-
fers from the presenceof noiseandlocal minima, which
causemismatchesndoutliers.

The obvious antidoteto the curseof noiseis to avoid

1Sincepoint-to-pointmatchingis not possibledueto theaperturgprob-
lem, pointsaretypically supportedby small photometricpatcheghatare
matchedusingcorrelationmethodsor othercostfunctionsbasedon a lo-
caldeformationmodel. Sometimdocal correspondencandstereorecon-
structionare combinedinto a single step,for instancein the variational
approactto stereocchampionedy FaugeraandKeriven[11].

StefinoSoatto
UCLA
ComputerScience
Los Angeles— CA 90095,and
WashingtorlUniversity, St.Louis
soatto@ucla.edsoatto@ee.wustl.edu

local correspondencaltogethelby integratingvisualinfor-
mationover regionsin eachimage. This naturallyleadsto
a sggmentationproblem. The diarchy betweenlocal and
region-basednethodss very clearin the literatureon seg-
mentation,wherethe latter are recognizedas being more
resistantto noise albeit more restrictive in their assump-
tions on the compleity of the scené. The samecannotbe
saidaboutstereowherethevastmajority of thealgorithms
proposedin the literature relies on local correspondence.
Our goalin this paperis to formulatemultiframe stereoas
a global region seggmentationproblem, thus complement-
ing existing sterecalgorithmsby providing tools thatwork
whenlocal correspondenchails.

We presentan algorithmto reconstrucsceneshapeand
radiancefrom a numberof calibratedmages.We malke the
assumptiorthatthe scends composedy rigid objectsthat
supportradiancefunctionswith smoothstatistics This in-
cludesLambertianobjectswith smoothalbedo(wherelo-
cal correspondencs ill-posed)aswell asdenselytextured
objectswith isotropicor smoothly-\aryingstatistic§where
local correspondencés proneto multiple local minima).
Therefore,our algorithmworks underconditionsthat pre-
vent traditional stereoor shapefrom shadingto operate.
However, it can provide useful resultseven undercondi-
tionssuitablefor shapdgrom shading(constantlbedo)and
stereo(denseexture).

1.1 Relationto prior work

Sincethispapeitoucheghebroadtopicsof segmentation
andsolid shapereconstructionit relatesto a vastbody of
work in the ComputerVision community

In local correspondence-basstkreo(see[10] andref-
erencegherein),one makesthe assumptiorthat the scene
is Lambertiarandtheradiancds nowhereconstanin order

2| ocal methodsinvolve computingderiatives, and are thereforeex-
tremelysensitve to noise.Region-basednethodsnvolve computinginte-
grals,andsuffer lessfrom noise.



to recovera densemodelof thethree-dimensionatructure
of the scene FaugerasaandKeriven[11] posethe stereare-
constructiorproblemin avariationalframework, wherethe
costfunction correspondgo the local matchingscore. In
a sensethis work canbe interpretedas extendingthe ap-
proachof [11] to regions. In shapecarving[17], the same
assumptionare usedto recover a representatiomf shape
(thelargestshapehatis photometricallyconsistentvith the
data)aswell asphotometry We usea differentassumption,
namelythat radianceand shapeare smooth,to recover a
differentrepresentatioifthe smoothesshapehatis photo-
metrically consistentwith the datain a variational sense)
aswell asphotometry Therefore this work couldbeinter
pretedas performingspacecarvingin a variationalframe-
work to minimize the effectsof noise. Note, however, that
onceapixelis deletecby thecarvingprocedureit cannever
beretrieved. In this senseshapecarvingis uni-directional
Ouralgorithm,onthe otherhandi,is bidirection,in thatsur
facesareallowedto evolve inward or outward. This work
alsorelatego shapgrom shading14] in thatit canbeused
to recover shapefrom a numberof imagesof sceneswith
constantalbedo(althoughit is not boundby this assump-
tion). However, traditionalshaperom shadingoperateon
singleimagesunderthe assumptiorof known illumination.
Thereis alsoa connectiorto shapdrom texture algorithms
[29] in thatour algorithmcanbe usedon scenewith dense
texture, althoughit operateson multiple views asopposed
to just one. Finally, thereis a relationshipbetweenour re-
constructionrmethodsandthe literatureon shapefrom sil-
houetteg7], althoughthelatteris basednlocal correspon-
dencebetweeroccludingboundariesin a sensethis work
canbe interpretedasa region-basednethodto reconstruct
shapdrom silhouettes.

The materialin this paperis tightly relatedto a wealth
of contributionsin the eld of region-basedsegmentation,
startingfrom Mumford and Shahs pioneeringwork [22],
andincluding[2, 3, 8, 15, 16, 19, 34, 35, 28, 37]. Thisline
of work standgo complementocal contourbasedsegmen-
tation methodssuchas[15, 35]. Therearealsoalgorithms
thatcombinebothfeatureq4, 5].

In themethodsusedto performtheactualreconstruction,
our work relatesto the literature on level set methodsof
OsherandSethian25].

1.2 Contrib utions of this paper

We proposean algorithmto reconstrucsolid shapeand
radiancefrom a numberof calibratedviews of a scenewith
smoothshapeand radianceor homogeneousne texture.
To the bestof ourknowledge work in this domainis novel.
We forego local matchingaltogetherand procesqregions
of) imagesglobally, which makesour algorithmsresistant
to noiseandlocal extremain thelocal matchingscore.We

work in avariationalframework, which makestheenforcing
of geometrigpriors suchassmoothnessimple,andusethe
level set methodsof Osherand Sethian[25] to ef ciently
computea solution.

Our algorithmdoesnot work in the presenceof strong
texturesor boundarie®n the albedo;however, underthose
conditionstraditionalsterecalgorithmsbasedon local cor-
respondencer shapecarvingdo.

2 A variational formulation

We assumethat a sceneis composedof a numberof
smooth surfacessupportingsmooth Lambertianradiance
functions (or densetextureswith spatially homogeneous
statistics). Under such assumptionsmost of the signif-
icant irradiancediscontinuities(or texture discontinuities)
within ary image of the scenecorrespondio occlusions
betweenobjects(or the background). Theseassumptions
male the sggmentationproblemwell-posed,althoughnot
general.In fact, “true” segmentationin this contet corre-
spondddirectly to the shapeand poseof the objectsin the
scené. Thereforewe setup a costfunctionalto minimize
variationswithin eachimageregion, wherethefree param-
etersare not the boundariesn the imagethemseles, but
the shapeof a surfacein spacewhoseoccludingcontours
happerto projectontosuchboundaries.

2.1 Notation

In what follows will represent generic
point of a scenein expressedin global coordinates
(basedupona x ed inertial referenceframe) while

will representhesamepointexpressedn “cam-
eracoordinatesrelative to animage (from a sequence

of images of the scene). To be more precise,
we assumethat the domain  of the image  belongs
to a 2D planegiven by and that consti-

tute Cartesiarcoordinateswithin this imageplane. We let
denoteanideal perspec-
tive projectiononto this image plane, where
and . The primary objectsof interestwill be
aregularsurface in (with areaelement ) support-
ing a radiancefunction , anda background
which we treatas a sphereof in nite radius(“blue sky”)
with angularcoordinates that may be related
in aone-to-onanannemwith thecoordinates of eachim-
agedomain throughthemapping (i.e. ).
We assumehat the backgroundsupportsa differentradi-
ancefunction . Giventhe surface , we may
partionthedomain  of eachimage into a“foreground”

3We considerthe backgroundo be yet anotherobjectthat happengo
occupy theentire eld of view (the“blue sky” assumption).



region , which back-projectsonto the
surface , andits complement (the “background’re-
gion), which back-project®ntothe background Although
the perspectie projection  is not one-to-ongandthere-
fore notinvertible),the operationof back-projectinga point
from  ontothesurface (by tracingbackalongtheray
de nedby ray until the rst pointon is encoun-
tered)is indeedone-to-onewith  asit's inverse. There-
fore, we will make a slight abuse of notationand denote
back-projectiorontothe surface by . Fi-
nally, in our computationsve will make use of the rela-
tionshipbetweertheareameasure of thesurface and
the measure of eachimagedomain. This
arisedrom theform of thecorrespondingprojection and

is givenby , where  denoteghe
outwardunitnormal of expressedn the samecoordi-
natesystemas

2.2 Costfunctional

In order to infer the shapeof a surface , we im-
posea coston the discrepang betweenthe projection of
amodelsurfaceandthe actualmeasurementsSucha cost,

, dependsiponthesurface aswell asuponthe
radianceof thesurface andof thebackground . We will
then adjustthe model surface and radianceto matchthe
measuredmages. Sincethe unknowvns (surface andra-
diances ) livein anin nite-dimensionalspacewe need
to imposeregularization.In particular we canleverageon
ourassumptionthattheradiancas smooth.However, thisis
still notenoughfor theestimatedsurfacecould corvergeto
averyirregularshapeo matchimagenoiseand ne detalils.
Thereforewe imposea geometricprior on shapgsmooth-
ness).Thesearethethreemainingredientsn ourapproach:
a data delity term that measureghe dis-
crepany betweenmeasuredmagesand imagespredicted
by themodel,asmoothnestermfor theestimatedadiances

andageometriqorior . We con-
siderthe compositecostfunctionalto be the sum(or more
generallyaweightedsum)of thesethreeterms:

)
We conjecturethat, like in the caseof the Mumford-Shah
functional[22], theseingredientsare sufcient to de ne a
uniquesolutionto the minimizationproblem.
In particular the geometricand smoothnessermsare
givenby

)

®3)

which favor surfaces of leastsurfaceareaand radiance
functions and of leastquadraticvariation.(  denotes

the intrinsic gradienton the surface ). Finally, the data
delity term maybemeasuredn thesenseof by

(4)

In orderto facilitate the computationof the rst variation
with respecto , we would ratherexpresstheseintegrals
overthesurface asopposedo thepartitions and
We startwith the integralsover ~ andnotethat they are
equialentto

()

where and
. Now we move to the integrals over
thatthey areequivalentto

and note

where
structuredintegralsyields:

. Combiningthese're-

Notethatthe rst integral in the above expressionis inde-
pendenbof the surface (andits radiancefunction ) and
that the secondintegral is taken over only a subsetof
givenby . We may expressthis asanintegral over
allof (andtherebyavoid theuseof in ourexpression)
by introducinga characteristiéunction into
the integrand where for and

for (i.e. for pointsthat are oc-
cludedby otherpointson ). We thereforeobtainthe fol-
lowing equivalentexpressiorfor givenin (4):

(6)

2.3 Evolution equation

In orderto nd thesurface andtheradiances and
thatminimize the functional (1) we setup aniterative pro-
cedurewherewe startfrom aninitial surface , compute
optimalradiances and baseduponthis surface,andthen
update throughagradiento w basednthe rst variation



of whichwe denoteby —  (thennew radiance
estimatesreobtainedn orderto update again).Thevari-

ationof , whichis justthe surfaceareaof |, is given
by
where denotesmeancurvatureand the outward unit

normal. Thevariationof is givenby

where denoteshe Gaussiarcurvatureof denotes
the gradientof taken with respectto isothermalcoordi-
nateqthe“intrinsic gradient’on ),and denoteghesec-
ond fundamentaform of  with respectto thesecoordi-
nates.

The variationof requiressomeattention. In fact,
the data delity termin (6) involvesan explicit model of
occlusion$ via a characteristidunction. Discontinuitiesin
thekernelcausemajorproblemsfor they canresultin vari-
ationsthatarezeroalmosteverywhere(e.g. for the caseof
constantradiance).Oneeasysolutionis to mollify thecor
respondinggradient o w. This canbe donein a mathemati-
cally soundway by interpolatinga smoothforce eld onthe
surfacein space.Alternatively, the characteristidunctions

in thedata delity termcanbemolli ed, therebymaking
theintegrandddifferentiablesverywhere.

In orderto arrive at an evolution equation we notethat
the componentof the data delity term, as expressedn
equation(6), which dependupon , have the following
form

()

Thegradiento wscorrespondingo suchenegy termshave
theform

— (8)

where denoteghegradientwith respecto  (recallthat

is therepresentationf a point usingthe cameracoordi-
natesassociatedvith image asdescribedn Section2.1).
In particular

— 9)
andthedivergenceof | aftersimpli cation, is givenby

— (10)

wherewe have omittedthe argumentsof , , and for
the sale of simplicity. A particularly nice featureof this

4The geometricandsmoothnesgermsareindependenof occlusions.

nal expressionwhichis sharedby thestandaraMumford-
Shahformulationfor directimagesegmentation)is that it
dependonly uponthe imagevalues,not uponthe image
gradient which makesit lesssensitve to imagenoisewhen
comparedto other variational approachego stereo(and
thereforelesslikely to causethe resulting o w to become
“trapped”in localminima). Noticethatthe rst termin this
o w involvesthe gradientof the characteristidunction
andis thereforenon-zeroonly on the portionsof ~ which
project( ) ontothe boundaryof theregion . As such,
thistermmay be directly associatedavith a curve evolution
equationfor the boundaryof theregion  within the do-
main  of theimage . The secondterm, on the other
hand,maybe non-zercovertheentirepatch of
We may now write down the completegradient o w for
as

— (11)

2.4 Estimating sceneradiance

Onceanestimateof the surface is available,theradi-
anceestimates and mustbeupdatedFor agivensurface

we mayregardourenepgy functional asafunc-
tiononly of and andminimizeit accordingly A neces-
sary conditionis that and satisfy the EulerLagrange
equationdor  baseduponthe currentsurface . These
optimal estimateequationsare given by the following el-
liptic partialdifferentialequation{PDESs)on the surface
andthebackground ,

and

(12)

where  denoteshelaplace-Beltramoperatooonthesur
face ,where denoteghelaplacianonthebackground
with respectto its sphericalcoordinates , and where
denotesa characteristidunctionfor the background
where =1if and =0 otherwise.

3 The piecewiseconstantcase

The full developmentand implementationof the ow
correspondingto the caseof general piecavise smooth
statisticsasdescribedn Section2 is well beyondthe scope
of this paper In Section3.1 we specializethe derivation
of Section2 to the caseof sceneswith piecavise constant



albedostatistics(i.e. thefunctions and de ned on the
surface and background are approximatedby con-
stants).Thiswill resultin a particularlysimpleandelegant
o w thatis easilyimplemented.

Despitethe apparentestrictvenessof the assumptions
(i.e. despitethe simplicity of the classof scenescaptured
by this model)we shav that the resultingimplementation
— which useslevel set methods— is extremely robust, to
the point of easilytoleratingsigni cant violations of such
assumptionsWe do soin Section3.2 by meansof experi-
mentson realimagesequencethatpatentlydepartfrom the
model

3.1 Optimal Estimatesand Gradient Flow

We obtain a special piecavise constant enegy func-
tional asa limiting caseof the more generalenegy func-
tional (1) by giving the smoothnesserm in nite
weight. In this case,the only critical points are constant
radiancefunctions. We may obtainan equivalentformula-
tion, by droppingthe term

, leadingto

and by restricting our classof admissibleradiancefunc-
tions and tobeonly constantsThisis analogougo the
segmentationwork of ChanandVesein [6] who consider
the piecavise-constantersionof the Mumford-Shahfunc-
tional for the segmentationof imageswith bimodalstatis-
tics. In this simplerformulation, one no longer needsto
solve a PDE onthesurface noronthebackground , to
obtainoptimalestimategor and (giventhecurrentloca-

tion of thesurface ). In this case, is minimized
by settingthe constants and to be the overall sample
meanof overtheregions (for each ) and

the overall samplemeanof  overthe complementarye-
gions  respectiely. The gradient o w associatedvith
the termsimpli es. Recallthat,in the generalcase,
the gradient o w dependsipontwo terms(givenby
(10)), one of which only actsuponthe pointsof  which
projectto the boundariesof the regions , giving rise to
curve evolutionsfor thesesggmentationboundarieswhile
the secondterm actsupon eachentire patchof  associ-
atedwith eachregion . In the piecavise constantcase,

5We say “piecawise constant”even thougheachradiancefunction is
treatedasa singleconstansincethe sgmentation®btainedoy projecting
theseobjectswith constantradiance®ntothe cameramagesyield piece-
wiseconstaniapproximationsgo theimagedata.

this secondterm dropsout (sinceit dependsiponthe gra-
dientof ), andthereforeonly the boundaryevolutionterm
remains.Thus,thegradient o w for is givenby

— — (13)

3.2 Experiments

A numericalimplementationof the evolution equation
above hasbeencarriedoutwithin thelevel setframework of
Osherand Sethian[25]. A numberof sequencefasbeen
capturedandthe relative position and orientationof each
camerahasbeencomputedusing standarccameracalibra-
tion methods. Here we shav the resultson two represen-
tative experiments. Although the equationabove assumes
thatthe scenes populateddy objectswith constan@lbedo,
thereademwill recognizethatthe scenesve have testedour
algorithmsonrepresensigni cant departure$rom suchas-
sumptions.They include ne textures,speculathighlights
andevensubstantiatalibrationerrors.

In Figure 1 we shov 4 of 22 calibratedviews of a
scenghatcontainghreeobjects:two shalersandthe back-
ground. This scenewould representa challengeto tradi-
tional correspondence-basstirecalgorithms:the shalers
exhibit very little texture (makinglocal correspondenci-
posed),while the backgroundexhibits very densetexture
(makinglocal correspondencproneto local minima). In
addition,the shalershave a dark but shiny surface,thatre-

ects highlightsthat move relative to the camerasincethe
sceneis rotatedwhile the light is kept stationary In Fig-

Figure 1. The “salt andpepper’sequencé4 of 22
views).

ure2 we shaw the surfaceevolving from alargeellipsethat
neithercontainsnor is containedn the shapeof the scene,



Figure 2. (Top) Renderedurfaceduringevolution (6 of 800steps).Noticethattheinitial surfaceis neithercontains
noris containecby the nal surface.(Bottom)sementedmageduringthe evolution from two differentviewpoints.

to a nal solid model. Notice thatsomepartsof theinitial

surfaceevolve outward, while otherpartsevolve inwardin

orderto corvergeto the nal shapeThisbi-directionalityis

afeatureof ouralgorithm,whichis notshared for instance
- by shapecarvingmethodologiesThere,oncea pixel has
beendeleted,it cannotbe retrieved. In Figure 3 we show

the nal resultfrom variousvantagepoints. In Figure4 we

shav the nal segmentationin someof the original views
(top). We also shawv the segmentedforeground superim-
posedto the original images. Two of the 22 views were
poorly calibrated,asit can be seenfrom the large repro-
jection error. However, this doesnot signi cantly impact
the nal reconstructionfor thereis an averagingeffect by

integratingdatafrom all views.

In Figure5 we shav animagefrom a sequencef views
of awateringcan,togethemwith theinitial surface. Thees-
timatedshapds shavn in Figure6
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