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Abstract

We cast the problem of multiframe stereo reconstruc-
tion of a smoothshapeas the global region segmentation
of a collection of images of the scene. Dually, the prob-
lem of segmentingmultiple calibratedimagesof an object
becomesthat of estimatingthe solid shapethat givesrise
to such images. We assumethat the radiancehassmooth
statistics.This assumptioncovers Lambertiansceneswith
smoothor constantalbedo as well as �ne homogeneous
textures,which are knownchallengesto stereo algorithms
basedon local correspondence. We posethesegmentation
problemwithin a variational framework,andusefast level
set methodsto approximatethe optimal solution numeri-
cally. Our algorithmdoesnotworkin thepresenceof strong
textures,where traditional reconstructionalgorithmsdo. It
enjoyssigni�cant robustnessto noiseundertheassumptions
it is designedfor.

1 Intr oduction

Inferring spatialpropertiesof a scenefrom oneor more
imagesis a centralproblemin ComputerVision. When
more than one image of the same scene is available,
the problemis traditionally approachedby �rst matching
pointsor small regionsacrossdifferent images(local cor-
respondence)andthencombiningthematchesinto a three-
dimensionalmodel1. Local correspondence,however, suf-
fers from the presenceof noiseand local minima, which
causemismatchesandoutliers.

The obvious antidoteto the curseof noiseis to avoid

1Sincepoint-to-pointmatchingis notpossibledueto theapertureprob-
lem, pointsaretypically supportedby small photometricpatchesthatare
matchedusingcorrelationmethodsor othercostfunctionsbasedon a lo-
caldeformationmodel.Sometimelocal correspondenceandstereorecon-
structionarecombinedinto a single step,for instancein the variational
approachto stereochampionedby FaugerasandKeriven[11].

local correspondencealtogetherby integratingvisualinfor-
mationover regionsin eachimage.This naturallyleadsto
a segmentationproblem. The diarchy betweenlocal and
region-basedmethodsis very clearin the literatureon seg-
mentation,wherethe latter are recognizedas being more
resistantto noisealbeit more restrictive in their assump-
tionson thecomplexity of thescene2. Thesamecannotbe
saidaboutstereo,wherethevastmajorityof thealgorithms
proposedin the literaturerelies on local correspondence.
Our goal in this paperis to formulatemultiframestereoas
a global region segmentationproblem,thus complement-
ing existing stereoalgorithmsby providing tools thatwork
whenlocal correspondencefails.

We presentanalgorithmto reconstructsceneshapeand
radiancefrom a numberof calibratedimages.We make the
assumptionthatthesceneis composedby rigid objectsthat
supportradiancefunctionswith smoothstatistics. This in-
cludesLambertianobjectswith smoothalbedo(wherelo-
cal correspondenceis ill-posed)aswell asdenselytextured
objectswith isotropicor smoothly-varyingstatistics(where
local correspondenceis prone to multiple local minima).
Therefore,our algorithmworks underconditionsthat pre-
vent traditional stereoor shapefrom shadingto operate.
However, it can provide useful resultseven undercondi-
tionssuitablefor shapefrom shading(constantalbedo)and
stereo(densetexture).

1.1 Relation to prior work

Sincethispapertouchesthebroadtopicsof segmentation
andsolid shapereconstruction,it relatesto a vastbody of
work in theComputerVisioncommunity.

In local correspondence-basedstereo(see[10] andref-
erencestherein),onemakesthe assumptionthat the scene
is Lambertianandtheradianceis nowhereconstantin order

2Local methodsinvolve computingderivatives, andare thereforeex-
tremelysensitive to noise.Region-basedmethodsinvolve computinginte-
grals,andsuffer lessfrom noise.



to recovera densemodelof thethree-dimensionalstructure
of thescene.FaugerasandKeriven[11] posethestereore-
constructionproblemin avariationalframework,wherethe
cost function correspondsto the local matchingscore. In
a sense,this work canbe interpretedasextendingthe ap-
proachof [11] to regions. In shapecarving[17], thesame
assumptionsareusedto recover a representationof shape
(thelargestshapethatis photometricallyconsistentwith the
data)aswell asphotometry. Weuseadifferentassumption,
namelythat radianceand shapeare smooth,to recover a
differentrepresentation(thesmoothestshapethat is photo-
metrically consistentwith the datain a variationalsense)
aswell asphotometry. Therefore,this work couldbeinter-
pretedasperformingspacecarvingin a variationalframe-
work to minimize theeffectsof noise.Note,however, that
onceapixel is deletedby thecarvingprocedure,it cannever
beretrieved. In this sense,shapecarvingis uni-directional.
Ouralgorithm,on theotherhand,is bidirection,in thatsur-
facesareallowed to evolve inward or outward. This work
alsorelatesto shapefrom shading[14] in thatit canbeused
to recover shapefrom a numberof imagesof sceneswith
constantalbedo(althoughit is not boundby this assump-
tion). However, traditionalshapefrom shadingoperateson
singleimagesundertheassumptionof known illumination.
Thereis alsoaconnectionto shapefrom texturealgorithms
[29] in thatour algorithmcanbeusedonsceneswith dense
texture,althoughit operateson multiple views asopposed
to just one. Finally, thereis a relationshipbetweenour re-
constructionmethodsandthe literatureon shapefrom sil-
houettes[7], althoughthelatteris basedonlocalcorrespon-
dencebetweenoccludingboundaries.In a sense,this work
canbe interpretedasa region-basedmethodto reconstruct
shapefrom silhouettes.

The materialin this paperis tightly relatedto a wealth
of contributionsin the �eld of region-basedsegmentation,
startingfrom Mumford and Shah's pioneeringwork [22],
andincluding[2, 3, 8, 15, 16, 19, 34, 35, 28, 37]. This line
of work standsto complementlocalcontour-basedsegmen-
tationmethodssuchas[15, 35]. Therearealsoalgorithms
thatcombinebothfeatures[4, 5].

In themethodsusedto performtheactualreconstruction,
our work relatesto the literatureon level set methodsof
OsherandSethian[25].

1.2 Contrib utions of this paper

We proposeanalgorithmto reconstructsolid shapeand
radiancefrom a numberof calibratedviewsof a scenewith
smoothshapeand radianceor homogeneous�ne texture.
To thebestof ourknowledge,work in thisdomainis novel.
We forego local matchingaltogetherandprocess(regions
of) imagesglobally, which makesour algorithmsresistant
to noiseandlocal extremain thelocal matchingscore.We

work in avariationalframework,whichmakestheenforcing
of geometricpriorssuchassmoothnesssimple,andusethe
level setmethodsof OsherandSethian[25] to ef�ciently
computea solution.

Our algorithmdoesnot work in the presenceof strong
texturesor boundarieson thealbedo;however, underthose
conditionstraditionalstereoalgorithmsbasedon local cor-
respondenceor shapecarvingdo.

2 A variational formulation

We assumethat a sceneis composedof a numberof
smoothsurfacessupportingsmoothLambertianradiance
functions (or densetextures with spatially homogeneous
statistics). Under such assumptions,most of the signif-
icant irradiancediscontinuities(or texture discontinuities)
within any image of the scenecorrespondto occlusions
betweenobjects(or the background).Theseassumptions
make the segmentationproblemwell-posed,althoughnot
general.In fact, “true” segmentationin this context corre-
spondsdirectly to the shapeandposeof theobjectsin the
scene3. Therefore,we setup a costfunctionalto minimize
variationswithin eachimageregion,wherethefreeparam-
etersare not the boundariesin the imagethemselves,but
the shapeof a surfacein spacewhoseoccludingcontours
happento projectontosuchboundaries.

2.1 Notation

In what follows ����� ��� �	� 
 � will representa generic
point of a scenein ��
 expressedin global coordinates
(basedupon a �x ed inertial referenceframe) while �����

� ��� � � � � 
 � � will representthesamepointexpressedin “cam-
eracoordinates”relative to an image �

� (from a sequence
of images � �

� � � � �

� � of the scene). To be more precise,
we assumethat the domain �

� of the image �

� belongs
to a 2D planegiven by 
 ����� and that � ��� � � � � consti-
tuteCartesiancoordinateswithin this imageplane. We let
�
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�
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�

� � �! 

�#"

�����$�

"

�	� �

"

� � � denoteanidealperspec-
tive projectiononto this imageplane,where

"

�	���%��� & 
 �

and
"

� ���'� � & 
 � . The primary objectsof interestwill be
a regularsurface ( in �


 (with areaelement) * ) support-
ing a radiancefunction +

�

(
�

� , anda background,

which we treat asa sphereof in�nite radius(“blue sky”)
with angularcoordinates-

�%� .�� /	� that may be related
in a one-to-onemannerwith thecoordinates"

��� of eachim-
agedomain�

� throughthemapping-

� (i.e. -

�

-

� �

"

��� � ).
We assumethat the backgroundsupportsa different radi-
ancefunction 0

�

,
�

� . Given the surface ( , we may
partionthedomain�

� of eachimage�

� into a “foreground”

3We considerthebackgroundto beyet anotherobjectthathappensto
occupy theentire�eld of view (the“blue sky” assumption).



region
�

���
�

� �

(

���

�

� , which back-projectsonto the
surface ( , and its complement

���

� (the “background”re-
gion),which back-projectsontothebackground.Although
the perspective projection �

� is not one-to-one(andthere-
forenot invertible),theoperationof back-projectingapoint
from

�

� onto the surface ( (by tracingbackalongthe ray
de�nedby �

� � ray���

"

��� until the�rst pointon ( is encoun-
tered)is indeedone-to-onewith �

� asit' s inverse. There-
fore, we will make a slight abuseof notationand denote
back-projectiononto thesurface ( by ���

�

�

�

�

�

�
( . Fi-

nally, in our computationswe will make useof the rela-
tionshipbetweentheareameasure) * of thesurface ( and
the measure) �

���

)
"

�	�

)
"

� � of eachimagedomain. This
arisesfrom theform of thecorrespondingprojection�

� and
is givenby 





�

) �

� ��� � ���
	 � � �

) * , where� � denotesthe
outwardunit normal � of ( expressedin thesamecoordi-
natesystemas ��� .

2.2 Cost functional

In order to infer the shapeof a surface ( , we im-
posea cost on the discrepancy betweenthe projectionof
a modelsurfaceandtheactualmeasurements.Sucha cost,

�

�

+

�

0

�

(

� , dependsuponthesurface ( aswell asuponthe
radianceof thesurface + andof thebackground0 . We will
then adjust the model surfaceand radianceto match the
measuredimages.Sincethe unknowns(surface ( andra-
diances+

�

0 ) live in anin�nite-dimensionalspace,we need
to imposeregularization.In particular, we canleverageon
ourassumptionthattheradianceis smooth.However, thisis
still notenough,for theestimatedsurfacecouldconvergeto
averyirregularshapeto matchimagenoiseand�ne details.
Therefore,we imposea geometricprior on shape(smooth-
ness).Thesearethethreemainingredientsin ourapproach:
a data �delity term

��
 � � �

�

+

�

0

�

(

� that measuresthe dis-
crepancy betweenmeasuredimagesand imagespredicted
by themodel,asmoothnesstermfor theestimatedradiances

��� ��� � � �

�

+

�

0

�

(

� andageometricprior
��� � � �

�

(

� . Wecon-
siderthecompositecostfunctionalto be thesum(or more
generallya weightedsum)of thesethreeterms:

��� � � ��� �
 �!"��# $ % $ � � � ��� �
 &'�)( *
+ + % , � � � �-� �� -&.�)/ 0
+ *

� �� 

(1)
We conjecturethat, like in thecaseof theMumford-Shah

functional [22], theseingredientsaresuf�cient to de�ne a
uniquesolutionto theminimizationproblem.

In particular, the geometricand smoothnesstermsare
givenby

��� � � �

�21 3

) * (2)

��� ��� � � �

�21 354 6

3

+

4 7

) *"8

1 9.4 6

0

4 7

) - (3)

which favor surfaces( of leastsurfaceareaand radiance
functions+ and 0 of leastquadraticvariation.( 6

3

denotes

the intrinsic gradienton the surface ( ). Finally, the data
�delity term
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In order to facilitate the computationof the �rst variation
with respectto ( , we would ratherexpresstheseintegrals
over thesurface ( asopposedto thepartitions

�

� and
���

� .
We startwith the integralsover

�

� andnote that they are
equivalentto
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� . Now we move to the integralsover
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Note that the �rst integral in theabove expressionis inde-
pendentof the surface ( (andits radiancefunction + ) and
that the secondintegral is taken over only a subsetof (

givenby ���

�

�

�

�

� � . We mayexpressthis asanintegral over
all of ( (andtherebyavoid theuseof ���

�

� in ourexpression)
by introducingacharacteristicfunction L

� � ����M.N O � � P into
the integrand where L
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�

�

�
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� � and
L

� � �����RO for �%& M
�

�

�

�
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�

� � (i.e. for points that areoc-
cludedby otherpointson ( ). We thereforeobtainthe fol-
lowing equivalentexpressionfor

��
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2.3 Evolution equation

In orderto �nd thesurface ( andtheradiances+ and 0

thatminimize thefunctional(1) we setup an iterative pro-
cedurewherewe start from an initial surface ( , compute
optimalradiances+ and 0 baseduponthissurface,andthen
update( throughagradient�o w basedonthe�rst variation
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� whichwe denoteby
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(thennew radiance
estimatesareobtainedin orderto update( again).Thevari-
ationof

��� � � �

, which is just thesurfaceareaof ( , is given
by
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)

) (
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where
�

denotesmeancurvatureand � the outward unit
normal.Thevariationof
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is givenby
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where� denotestheGaussiancurvatureof ( , 6

3

denotes
the gradientof + taken with respectto isothermalcoordi-
nates(the“intrinsic gradient”on ( ), and * denotesthesec-
ond fundamentalform of ( with respectto thesecoordi-
nates.

Thevariationof
��
 � � �

requiressomeattention.In fact,
the data�delity term in (6) involvesan explicit model of
occlusions4 via a characteristicfunction. Discontinuitiesin
thekernelcausemajorproblems,for they canresultin vari-
ationsthatarezeroalmosteverywhere(e.g. for thecaseof
constantradiance).Oneeasysolutionis to mollify thecor-
respondinggradient�o w. Thiscanbedonein amathemati-
cally soundwayby interpolatingasmoothforce�eld onthe
surfacein space.Alternatively, thecharacteristicfunctions
L

� in thedata�delity termcanbemolli�ed, therebymaking
theintegrandsdifferentiableeverywhere.

In orderto arrive at anevolution equation,we notethat
the componentsof the data�delity term, as expressedin
equation(6), which dependupon ( , have the following
form

�
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(
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Thegradient�o wscorrespondingto suchenergy termshave
theform
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where6 � denotesthegradientwith respectto ��� (recallthat
��� is therepresentationof a point usingthecameracoordi-
natesassociatedwith image�

� asdescribedin Section2.1).
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andthedivergenceof � � , aftersimpli�cation, is givenby
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wherewe have omittedthe argumentsof + , 0 , and �

� for
the sake of simplicity. A particularly nice featureof this

4Thegeometricandsmoothnesstermsareindependentof occlusions.

�nal expression(which is sharedby thestandardMumford-
Shahformulationfor direct imagesegmentation)is that it
dependsonly upon the imagevalues,not upon the image
gradient, whichmakesit lesssensitiveto imagenoisewhen
comparedto other variational approachesto stereo(and
thereforelesslikely to causethe resulting�o w to become
“trapped”in localminima).Noticethatthe�rst termin this
�o w involvesthegradientof thecharacteristicfunction L

�

andis thereforenon-zeroonly on the portionsof ( which
project(�

� ) onto the boundaryof the region
�

� . As such,
this termmaybedirectly associatedwith a curve evolution
equationfor the boundaryof the region

�

� within the do-
main �

� of the image �

� . The secondterm, on the other
hand,maybenon-zeroover theentirepatch�)�

�

�

�

�

� � of ( .
We maynow write down thecompletegradient�o w for
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2.4 Estimating sceneradiance

Onceanestimateof thesurface ( is available,the radi-
anceestimates+ and 0 mustbeupdated.For agivensurface

( wemayregardourenergy functional
�

�

(

�

+

�

0

� asafunc-
tion only of + and 0 andminimizeit accordingly. A neces-
sary condition is that + and 0 satisfy the Euler-Lagrange
equationsfor

�

baseduponthe currentsurface ( . These
optimal estimateequationsare given by the following el-
liptic partialdifferentialequations(PDEs)on thesurface (

andthebackground, ,
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where

�
 

denotestheLaplace-Beltramioperatoronthesur-
face( , where

�
"

denotestheLaplacianonthebackground
, with respectto its sphericalcoordinates- , and where

"
L

� �

-

� denotesa characteristicfunctionfor thebackground
, where "

L
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-

� =1 if -
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� M
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� and "
L

� �

-

� =0 otherwise.

3 The piecewiseconstantcase

The full developmentand implementationof the �o w
correspondingto the caseof generalpiecewise smooth
statisticsasdescribedin Section2 is well beyondthescope
of this paper. In Section3.1 we specializethe derivation
of Section2 to the caseof sceneswith piecewise constant



albedostatistics(i.e. the functions + and 0 de�ned on the
surface ( and background, are approximatedby con-
stants).This will resultin a particularlysimpleandelegant
�o w thatis easilyimplemented.

Despitethe apparentrestrictivenessof the assumptions
(i.e. despitethe simplicity of the classof scenescaptured
by this model)we show that the resultingimplementation
– which useslevel set methods– is extremely robust, to
the point of easily toleratingsigni�cant violationsof such
assumptions.We do so in Section3.2 by meansof experi-
mentsonrealimagesequencesthatpatentlydepartfrom the
model

3.1 Optimal Estimatesand Gradient Flow

We obtain a specialpiecewise constant5 energy func-
tional asa limiting caseof the moregeneralenergy func-
tional (1) by giving the smoothnessterm
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in�nite
weight. In this case,the only critical points are constant
radiancefunctions. We mayobtainanequivalentformula-
tion, by droppingthe
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and by restrictingour classof admissibleradiancefunc-
tions + and 0 to beonly constants.This is analogousto the
segmentationwork of ChanandVesein [6] who consider
thepiecewise-constantversionof theMumford-Shahfunc-
tional for the segmentationof imageswith bimodalstatis-
tics. In this simpler formulation, one no longer needsto
solve a PDEon thesurface ( nor on thebackground, , to
obtainoptimalestimatesfor + and 0 (giventhecurrentloca-
tion of thesurface ( ). In this case,

�

�

�

�
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�

�

is minimized
by settingthe constants+ and 0 to be the overall sample
meanof �

� over the regions
�

� (for each �

�������

) and
theoverall samplemeanof �

� over thecomplementaryre-
gions

���

� respectively. The gradient�o w associatedwith
the

��
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termsimpli�es. Recallthat, in thegeneralcase,
the

��
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gradient�o w dependsupontwo terms(givenby
(10)), oneof which only actsuponthe pointsof ( which
project to the boundariesof the regions

�

� , giving rise to
curve evolutionsfor thesesegmentationboundaries,while
the secondterm actsupon eachentire patchof ( associ-
atedwith eachregion

�

� . In the piecewise constantcase,

5We say“piecewise constant”even thougheachradiancefunction is
treatedasasingleconstantsincethesegmentationsobtainedby projecting
theseobjectswith constantradiancesontothecameraimagesyield piece-
wiseconstantapproximationsto theimagedata.

this secondterm dropsout (sinceit dependsuponthegra-
dientof + ), andthereforeonly theboundaryevolution term
remains.Thus,thegradient�o w for
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3.2 Experiments

A numericalimplementationof the evolution equation
abovehasbeencarriedoutwithin thelevel setframeworkof
OsherandSethian[25]. A numberof sequenceshasbeen
capturedand the relative position and orientationof each
camerahasbeencomputedusingstandardcameracalibra-
tion methods.Herewe show the resultson two represen-
tative experiments.Although the equationabove assumes
thatthesceneis populatedby objectswith constantalbedo,
thereaderwill recognizethatthesceneswe have testedour
algorithmsonrepresentsigni�cant departuresfrom suchas-
sumptions.They include�ne textures,specularhighlights
andevensubstantialcalibrationerrors.

In Figure 1 we show 4 of 22 calibratedviews of a
scenethatcontainsthreeobjects:two shakersandtheback-
ground. This scenewould representa challengeto tradi-
tional correspondence-basedstereoalgorithms:theshakers
exhibit very little texture(makinglocal correspondenceill-
posed),while the backgroundexhibits very densetexture
(making local correspondenceproneto local minima). In
addition,theshakershave a darkbut shiny surface,thatre-
�ects highlightsthatmove relative to thecamerasincethe
sceneis rotatedwhile the light is kept stationary. In Fig-

Figure 1. The “salt andpepper”sequence(4 of 22
views).

ure2 weshow thesurfaceevolving from a largeellipsethat
neithercontainsnor is containedin theshapeof thescene,



Figure 2. (Top) Renderedsurfaceduringevolution (6 of 800steps).Noticethat theinitial surfaceis neithercontains
nor is containedby the�nal surface.(Bottom)segmentedimageduringtheevolution from two differentviewpoints.

to a �nal solid model. Notice thatsomepartsof the initial
surfaceevolve outward,while otherpartsevolve inward in
orderto convergeto the�nal shape.Thisbi-directionalityis
afeatureof ouralgorithm,whichis notshared- for instance
- by shapecarvingmethodologies.There,oncea pixel has
beendeleted,it cannotbe retrieved. In Figure3 we show
the�nal resultfrom variousvantagepoints. In Figure4 we
show the �nal segmentationin someof the original views
(top). We also show the segmentedforegroundsuperim-
posedto the original images. Two of the 22 views were
poorly calibrated,as it can be seenfrom the large repro-
jection error. However, this doesnot signi�cantly impact
the �nal reconstruction,for thereis an averagingeffect by
integratingdatafrom all views.

In Figure5 weshow animagefrom a sequenceof views
of a wateringcan,togetherwith theinitial surface.Thees-
timatedshapeis shown in Figure6
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